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Reading on this talk

e www.stat.rice.edu/~riedi

e This talk

e Intro for the “untouched mind”
— Explicit computations on Binomial

e Monograph on “Multifractal processes”
— Multifractal formalism (proofs, references)
— Multifractal subordination (warping)

e Papers, links

Rudolf Riedi Rice University stat.rice.edu/~riedi



Why Cascades

Turbulence: models wanted

e Kolmogorov 1941 :

< [v(x+r)-v(x)]9 > ~ r /3
e Kolmogorov 1962 :

< [v(X+r)-v(x)]a > ~ rH(a)
e ...and beyond

Rudolf Riedi Rice University



Ru

File size—

Measured Data

Networks

Geophysics

WWW

Stock Markets

hl. cald

10

x 10°

Ll

Jh "

Lol

cticalabudolals

0.5

1

1.5

x 10°




Multifractal Analysis

Toy Example
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The Toy: Binomial Cascade

e Start with unit mass 5 1/12 1

e Redistribute uniformly /\

portion p <V to the left

| . 1-p_[pa»
portion 1-p to the right ZDIO P | P |

Mass re-distribution

e Iterate
e Converges to measure pu
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Multifractal Spectrum

e QOscillate ~ [t|* > local strength o a=7 a=9 =8

a(t) ;= lim inf an(t)

log AL, (1)
log | In(t)]

an(t) =

total increment over I,,

-\ llf\"lf’\m’\n"‘ :If\ T
mrax 1micCcriiiciie 1r Iin,

wavelet coefficients,...

e Collect points t with same o .
o S _ DiM(Ey) e ))/
a -— . = |
e Dim(E,): Spectrum

—>prelevance of o
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Recall
1 1 a(t) ;= liminf an(t)
Binomial "
. log ALL(?)
(Xn\L}: -
We take dyadic partition: (1) = 0k <n oo = 1)
n - n .
[n(/;\l — J(er )y =1V /72" VN . /241 /2™))
\Y"/ \*1 nJ / . CK/ v/, CK/ / 77
k=1 k=1
Aln(t) = p(In(t))
in(t) (1 \n—ln(t)
— P \+ — P)
an(t) = — - 092 (p) — logo(1 —p)
Range of exponents:
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recall

“Typlca | /4 EXpOnentS a(t) = !imhinfan(t)

N log AIn(t)
n . ” Mﬂj@_ﬂﬁ@ﬂi
t=0, t=1 seem “atypical”.
Intuition: for a “typical” t: ni=glksni o=l

In(t) ~n/2

Rigorously: Law of Large Numbers

e Binary digits €, are independent, P[€,=0]= P[g,=1]= "2:
e tis uniformly distributed (i.e., with Lebesgue measure 1)
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A first point on the Spectrum

Conclusion:

‘ L(Eqy) >0

e Mass Distribution Principle
(Lebesgue measure £ is 1-dim Hausdorff measure)

“"Where” and “how many” are the other exponents?

e Choose digits “unfairly”, e.g., prefer 1 over 0.
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The measure u prefers 1 over 0 (ratio 1-p to p).
Intuitive:

In(t) 2~n(l —p)

Rigorously: Law of Large Numbers using u
e Binary digits € are independent, P[e,=0]=p, P[g,=1]= 1-p:
e tis distributed according to

e L-typical exponent

lan(t) = —Cl’ - —logx(p) —

Rudolf Riedi Rice University stat.rice.edu/~riedi



A second point on the Spectrum

Conclusion:

i ,U(ECL1> > 0

e Mass Distribution Principle = ‘dimEal > aq

(Hausdorff dimension of p? It is a;<1!)

() = 1091 Un(®)

log | In(¢)]

Dim(E,q)=1"

Dim(Ea1)=a1

L selects a,

Lebesgue
measure
selects a,

o Allexnonents: Inspiration from Large DeviatiQn [JN&QEY




Large Deviations

and the
Multifractal Formalism
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Box Spectrum

e Notation:

rRecall

o () = log AIL(t)

FEo :={t : a(t) = a}

Nn(a,6) .= #{(e1...€n) : a—06 < ap(e1...en) < a+d}.

e Thm: we always have

dimE, < f(a)

‘PI'OOf

Fix a. To prove the first part of the lemma
consider an arbitrary v > f(a}), and choose 5 >
0 such that v > f(a)+2y. Then, thereisz >0
and integer mg such that

Ny(a,=) < on(fla)tn)

for all n > mg. Let us define J(m) := U{ky, :
nzmanda-—:=< ni‘j < a+<}. Then, for any
m the intervals {,’j with kyn € J(m) form a cover
of E;. These intervals are of length less than
2" Moreover, for any m > mg we have

ST = Y Na(ae) 2™

knEd(m) T
< Z o-nly=fla) m < z P
nZ2m n=m
tends to zero with m — =c. We conclude that
the ~-dimensional Hausdorff measure of E; is
zero, hence, dimE, < +. Letting v — f(a)
completes the proof.

[www.stat.rice.edu/~riedi]

e Beware the folklore: f(a) is NOT the box-dim of E,

Rudolf Riedi Rice University
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rRecall

Legendre spectrum =)

on(t) = log Ain(t)

FEo:={t : a(t) = a}

e Notation: partition sum and function

e Thm: we always have
fa) <77(a) 1= inf(ga —7(q))

orant
- 1 OUUI
— L “—Y — 4 i VA
S [ATp(er . )T S 3y Aln(er . en)l? > Ny(a,5)2 "laatalé)
€1...€n apler...en)ela—38.a+8]
(AN & /<=t y }

5>=n(ga—F(a)+8'+gl9)

vV
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Legendre spectrum

e Thm: provided a,(t) are bounded we have

— X Y |

e Proof idea: steepest ascent (large deviations)

m

Z |AIn(€1 ...6n)|q S Z |AIn(€1...€n)|q
€1..-€n) an(€q...en)E[l6—06,10+46]

o~
I
[

Ny (18, 5)2—n(ql5—|(1|5)

VAN
NE

o~
I
[

2 —n(ald—f(16)=8'—9l6) < 1 o—n(infa(ga—f(a)—5"~|qld)

VAN
M3

=~
I
|

- Thus: 7(q) = f*(q) = inf(qa — f(a)) forall g.
— T is concave, non-decreasing, differentiable with exceptions

— Recover f=f** at a=1'(q) using lower semi-continuit
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Legendre transform 101

e Elementary calculus:

* — i — =

q
— . — _1r—=

— Tangent of slope a to t(q)
— Intersection with ordinate yields —r*(a)

- Dual hOIdS slope a e : slope q
~T(O)=1
g9t
» 05
‘ -T(1)=0 |-
[ 0 (1) S
=050 —T(q) §
;
4
Ll

3 .
vriedi



Binomial Spectrum

continued
| Dgaeis K|
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Partition function of the Binomial

Sn(q) = Z |A]n(€1---€n)|q

O rn—Ip(er...en) 71 \n(€1...€n)10
— ) d D \1L —P) " -
‘ { L N\ L 7

€1...€En
n / \
n \ _
= ( p (1 — p)e
L 4\ - | U \ 17 1]
=0 \ =~/
— [»9 4+ (1 — »)4|"
LP +— P/

e (Upper) envelop of dim(E,):

T(q) = limi f—llongn(q)

= |092[pq + (1 —p)]
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Insight from Large Deviations

From steepest ascent:

.. — ) ; < oy Y A Y . L7 .\
Q (4 — \N " IAT (.~ _ \IG ~, n—niinTglga—j(a))
N\ d ) —_— )4 | LA InNn\ €1 €En )l — £ t
1O\ '1/ yaw | L7 Nt B v/
61...€n
,,‘,../,,T .C/T\\ - _ S
—_ N—Ti\ga—jJj\a)) -~ N | AN T [ - _ N\ |y
— £ . v x> 77 = )4 |l L ANIn \ €1 €En )l -
yaw | L2 N R v/
Vo (¢ e Y~

e ..and vice versa: these terms contribute such that

nT\q) —

¥s)

n(q) ~ 2

")
n\4/)
For the Binomial these correspond
to mass re-distribution in ratio pd to (1-p)d
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Locating the exponents

Fix g.

Consider the measure i, defined as p but with mass ratio p9 to
(1-p)d. Intuitively, we have then:

N
-t
\_/

—p)? _
(1 —p)d ’
\ = I"/

v/

l(t L=1:}2

v

= #{k

I/\

n4d
I’

+

Rigorously: Law of Large Numbers using Hq
e Binary digits €: indep, P[e,=0]=p92™®), P[g,=1]= (1-p)92%®
e tis distributed according to L,

. n(t) 1
CE =) 6= Eyld = (1-p)727
K—1

e Lu-typical exponent

7 .\ n — Z'n/(t) ) 7N\ [’n(t) / N\
on(t) = — 10g2(p) — Ogo(1l —Dp)

()
\410g5(1 — p)

~ L \
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Completing the Spectrum
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7'(q)
e Hausdorff dimension of p,

aq:

N

e Mass Distribution Principle

diman Z T*(aq)

stat.rice.edu/~riedi
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Lesso

T (@) -

a — — T
S slope q
1_5 : T l. -L\.I T
lope= ;
slope=q ,, _.-‘“q1=1
| TO= : =0
05"
~T(1)=0
0 ,
-0.5["-T(q)
7
.l
&
L4 : : : '
05 0 0.5 1.5 25
a —

e Points with exponent logu(I(t))/log|I(t)| ~ a=1'(q)

— Are concentrated on the support of Hq
— Dominate the partition sum S.(q)
e Partition function allows to bound/estimatestgtim

Rudolf Riedi Rice University
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Random Cascades

A further multifractal envelop
Convergence and Degeneracy

Rudolf Riedi Rice University stat.rice.edu/~riedi



Multifractal Spectra and Randomness

e Al (t): oscillation indicator for process or measure
e Pathwise Recal

dimFE. < f(a) < ~*(a) Fo={t - alt) = aj
‘UIIIILJG,:J\(L}:I \(,b}
Np(a,e) ~ onf(a)
: . [ Su(q) =2 (@)
e S (q) is g-th moment estimator. - .
ecCa

e Replace by true moment:

N\ AU " oA T 7 N\ 1
on(q) = )Q, |Aln(€1...€n)|"

61...€n

T(q) :=liminf —— Iogz IESn(q)

n—aoo

e ...analytically easier to handle and often sufficient
e T(q) is concave like t(qg), but NOT always increasing

Rudolf Riedi Rice University stat.rice.edu/~riedi



Pathwise and deterministic envelop

e Lemma: With probability one for all-¢ with- T'(¢) < oc-
7(q,w) > T'(q)

[Proof: www.stat.rice.edu/~riedi]

e Cor: T*(aaw) < T*(a)

E[log(X)] < l0g E[X]

e Weaker result from Chebichev inequality:

E[7(q,w)] > T'(q)

Quenched Average Annealed Average

e Material science: free energy is “self-averaging” iff
guenched and annealed averages are equal.

Rudolf Riedi Rice University stat.rice.edu/~riedi



Multifractal Envelops

Recall at a = [/(]J
f(a) = 7"(a)

e Almost surely, for all a:

S

dimE, < 7 (a)

[A

i
A

[A

£( 1) ( )
J \W) &)

e Holds always provided use same Al in all spectra

e Choice of scales I
- I is here dyadic, could be any sub-exponential
— This could affect/change f, T and/or T due to boundary effects
- Robust: AL, = oscillation in I, and its neighbor intervals

e Choice of oscillation indicator Al
— For true Hoelder regularity AI, = max increment “around” I,
- Al = Wavelet coefficient: only a proxy to Hoelder regularity!
— For measures supported on [0,1]: AL, = u(I,) gives Hoelder!

Rudolf Riedi Rice University stat.rice.edu/~riedi



Multifractal Envelops

Recall at a = Z/(])

f(a) = 7"(a)

e Almost surely, for all a:
dimE, < f(a) < 7(a) < T*(a)
e Special feature:
- If a property of ™
“bounded total variation” & Ll
holds then the spectrum f 4
touches the bi-sector: ~"';;5 I R
then 7(1) = 0.
stat.rice.edu/~riedi
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Multifractal Envelops

Recall at a = /(;J
e Almost surely, for all a: f(a) = ()
dimEa < f(a) < 7(a) < T*(a)

e Terminology:
— Multifractal formalism “holds” if
e dim(E,)=f(a)=1*(a)
with your preferred oscillation indicators AI_,
e.g., Holder exponent in E,, wavelet decay in f(a).
[First step: show T is same for Holder and wavelets.]

— Falconcer: “A concise definition of a multifractal tends to be
avoided.”

— Others: “"An object is multifractal if the formalism holds for it.”

— Others: “An object is multifractal if it has more than one
singularity exponent”. (not mono-fractal)

Rudolf Riedi Rice University stat.rice.edu/~riedi



Multifractals
and classical regularity
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Besov spaces

e For oscillation indicator from wavelets:

sup{s : Y € B;(L")} =

e Proof: use wavelet coefficients C; .= Al;(k2) and
equivalent Besov norm

, 1/ / , « s /a\ L/U
/ \ L1/V / / \ U/u\
f \ [ / \ \
R oy ) [ w— |~ i sl /0 1\ |
NN |V | Lo\ I \N " njJsun—31n73/2 B |
1 > Ul | -+ | D> 1 Y 270772 212277 Cs ) ) |
| Lo 177U,U I RV AR WA | r| ] !
\ L / \i>7~ \ L / /
\ / \J=ZJ0 \ / /

Ve
.
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Kolmogorov

e Thm [Kolmogorov]:
— If E[ | A(s)-A(t) [P ] < C | s-t |1 then almost all paths of A
are of (global) Holder-continuity for all h < d/b,

- i.e., for all h < T(q)/q .

e The best such h is min(a : T*(a)>0).

- T(q)/q = slope of tangent through the origin.

(0. T(a))

slope=¢ s

" (1.T(1))=(1,0)

(0.T(@)=(0.-1)

150 .
slope=q \&1:1
~T(0)=1 9,=0
1~.............. .........................................................................
B (T (o
05 (o T ()
.‘Cll- /
." ’
“Ty=0 | 4,
0 +—
" h
-05-.-""‘ 4
bR e )
L
-1 : : : :
-0.5 0 0.5 1 1.5 2.5
o —
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Binomial Spectrum

continued
| Dgaeis K|
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Binomial with Random Multipliers

e Random re-distribution

e Multipliers Independent 1 X
between scales 0 2 1
M(I(El “ . €n>) — Mel « . Melu.en /\ (1-M)
oMl M 1-M I:
e Conservative: 0 2 1
M€1-.-€n0 + Mel...enl =1 Conservative re-distribution
e (Conservation is too restrictive 1/1
for stationarity! L 2 !
e “Martingale de Mandelbrot”: /\
_ oM M M’ E':/'
]E[Meleno _I_ Melenl] - 1 IO 1/ 1

Independent re-distribution
Rudolf Riedi Rice University stat.rice.edu/~riedi



Convergence of Random Binomial

1
0 2 1
e Conservative: AN (1-M)
oMl M 1-M I:
vo 2 1

B Mel...enO + Mel...enl =1

Conservative re-distribution

— For all m>n
/,Lm(l(el . e En)) — Mel . o . Mel.nen
— Thus converges to

M(I(El . o €n>) — M€1 .. Mel...en

Rudolf Riedi Rice University stat.rice.edu/~riedi



Convergence of Random Binomial

e "Martingale de Mandelbrot™: .
— A price to pay towards stationarity ;‘
- el
I ]

— Martingale: For all m>n

I g T— N I

Elum(I(e1. . en))|Fn] = Mey ... Meqy...c,, = n(L(€1 ... €n))
— Thus converges almost surely (but may degenerate)
- We have
mw—rlr. 77/ N\l 1T 1 __ aArx€ AT
I—lut 1l eéen En V) S m| — Vi, . 1VI £ P
LI \ \ 41 v/ J | L ] Cleeel7l

Rudolf Riedi Rice University stat.rice.edu/~riedi



Envelope for Random Binomial

e By independence of multipliers
- Martingale of Mandelbrot:

— Conservative: similar

E[Sn(q>] — Z IE[MQ]n—ln(El...En)IE[(l _M)Q]ln(el...en)
— (EIM9 +E[(1 - M)T)"
— (2E[M9])".

Rudolf Riedi Rice University stat.rice.edu/~riedi



Kahane-Peyriere theory for the
Martingale of Mandelbrot

e Martingale “degenerates”
— iff u([0,1])=0 almost surely zero
— iff E u([0,1])=0
—iff T'(1)<=0

_1 L Fi L L L L L
-0.5 0 0.5 1 1.5 2 25 3
o —

e Intuition:

- T'(1)= a; = dimension of the carrier of L.
- If T'(1)>0 then

e 4g>1 with T(q)>0

e L convergesin L,

® —I../TNn 11\1 i T=l.. /7T 11\1 —
] HIMIC | Un\ |Y, L])] —

=LY 1) n HMn
Rudolf Riedi Rice University stat.rice.edu/~riedi
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Multifractal formalism holds

e Thm for random binomial [Barral, Arbeiter-Patschke, Falconer].
- Set AL, = n(I,).
- Assume M has a finite moment of some negative order
— Then, with probability 1: for all a such that T*(a)>0

dimE, = f(a) = 7 (a) = T*(a)

e Note:
- T*(a)>0 means a=T'(q) with g limited by tangents through
the origin: T'(q)=T(q)/q.
— Little known in general for other a ...or q! Possible: t(q)>T(q)
— Proofs: Use Mass distortion Principle with factors M4

Rudolf Riedi Rice University stat.rice.edu/~riedi



Wavelets for the Binomial

e Compactly supported wavelet
- Al, =wavelet coefficient corresponding to I,

- Al, same rescaling property as measure itself
- Same T(q)

— Multifractal formalism holds

Rudolf Riedi Rice University stat.rice.edu/~riedi
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Toy examples

2000 4000 65000 2Qoo 10000 12000 14000 16000 18000
— L S -

White noise

6000 8000 10000 12000 14000 16000

2000 4000

500

1000 1500 2000 2500 3000 3500 4000 4500

Cascade

1000 1500 2000 2500 3000 3500 4000



Log-Normal Binomial

e Deterministic envelope is a parabola: [Mandelbrot]

N
R
\/

(17
:q ‘\ ! I,

e Partition function t(q) is non-decreasing,

e thus t(q) > T(q) (at least) for q>(1+q,it)/2

Rudolf Riedi Rice University
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Multifractal Product of Pulses

together with
I. Norros and P. Mannersalo

Rudolf Riedi Rice University stat.rice.edu/~riedi



Network Traffic is Multifractal

e Visually striking

e Scaling of impressive quality
(Levy Vehel & RR 96,
Norros & Mannersalo 97,
Willinger et al '98)

e Statistical models:
— Binomial cascades with

scale dependent multipliers
(Crouse & RR 98, Willinger et al ‘98)

e Not stationary!
— Cumbersome for statistics
— and probability (Queueing)

Rudolf Riedi Rice University
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Multifractal paradigm

Multiplicative Processes:
— From redistributing mass to multiplying pulses

Y — |lim [tA-

( } —_— il I\O( ) IA\n( )
Nn— 00 jO
Binomial Cascade 1+
~ Ap(s) is constant on dyadic i e
S e ot O QYAGIE
A4(S)
— Conservative: 1_;_ 1
An(2Kk/20) + Ag(k+1y2m =2 PT oa L |
— Martingale de Mandelbrot: H
EAL(S) =1 1+ |
—
. R )
Not stationary 0 1/4 1/9

Rudolf Riedi Rice University stat.rice.edu/~riedi



Multifractal paradigm

Multiplicative Processes:

T2 [tA

A(i) = |im /\O(S) /A\n(S)dS
n— 00 jO
1— A
.............................................................................. }
e Stationary Cascade As
— An(S) is stationary 1+
_ COnservatlon: o T e o R '
EA,(t) =1
A\ P . : ”, 1-- A3
self-similarity”: — X
An(S) =d Al(Sbn) et e et e et e et earatrataaer e e ate et aerateater et e et eanennateaeennen >
Rudolf Riedi Rice University O b/4 b/2 stQ.rice.edu/rvriedi



Parameters and Scaling

e Parameter estimation
- Ai(s): i.i.d. values with Poisson arrivals (;):
- Z(s) = log [ A{(s) Ax(S)... An(S) ]
- Cov(Z(t)Z(t+s))= Xi_1  exp(-A;s)Var Ai(s)
e Performance of predictors / simulations

| | Aq Ay o A

e Multifractal Envelope
(with Norros and Mannersalo)

T(g)=qg-1-log,E[AY]

Rudolf Riedi Rice University stat.rice.edu/~riedi



Interlude

Self-similar processes

Rudolf Riedi Rice University stat.rice.edu/~riedi



Statistical Self-similarity

o Self-similarity: canonical form
- B(at) =f4d C(a) B(t) B: process, C: scale function

— Iterate: B(abt) =fd C(a)C(b) B(t)
- C(a)C(b)=C(ab)
- C(a) = a : Powerlaw is default

s
-
S
-
- -~
o -
-

H-self-similar: gy
e H-self-similar }VNMWM

I [ il __'__'__{_F'__'—
A

B(at) =fdd aH B(t)

e Examples

- Gaussian: fractional Brownian motion By,(t) is unique H-self-
similar Gaussian process with stationary increments.

— Stable: not unique in general, a=1/H: Levy motion

Rudolf Riedi Rice University stat.rice.edu/~riedi



Self-similar Processes
e What do they model?

il lglinli | lL‘llll-LI- 1 i IIl..I. Ll-l.llllll i . ] i i

— Sustained excursions above/below the mean

e Different from (finite order) linear models
— Auto-Regressive
- ARMA
- (G)ARCH
— Exponential decay of correlations

e Corresponds to infinite order AR models

— FARIMA t
fBmi(t) = K(t,s) dW(s
— FIGARCH (t) 'OOI (t,s) (s)

Rudolf Riedi Rice University stat.rice.edu/~riedi



Multifractal Subordination

Processes with
multifractal oscillations

Rudolf Riedi Rice University stat.rice.edu/~riedi



Multifractal time warp

B,(M(t)): B, fBm, dM independent measure

A versatile model

— M(t): Multifractal
Time change
Trading time

- B: Brownian motion
Gaussian fluctuations

Rudolf Riedi Rice University
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Holder regularity

e Levy modulus of continuity:
— With probability one for all t

Br(t+ 6) — By (t)] ~ |5|%

- Thus, exponent gets stretched:
By (M (t+6))— By (M ()] = |M(t+8)—M ([ ~ ||

— and spectrum gets squeezed:
dimkE, BH(M) = dimE,,/pI_M_

_ i L i |
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Multifractal formalism for B,(M(t))

e Conditioning on M one finds:

E[By(M(t+96)) — Bg(M(t))

q

IE

By(1)

TE

Mt + 8) — M(t)

qft

| PITn/r(ﬁH\
AL~ VI N1 Vi

12

|
1

“thus T (@) = Tar(gH)

— which confirms the stretched exponent:

— and matches with warp formula before:

TE(M) (a) = Tj\%(a/H)

- If the formalism holds for M, then also for B,(M(t))

Rudolf Riedi Rice University
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Estimation: Wavelets decorrelate

(with P. Goncalves)

o Wy = [yy(t) B(M(Y)) dt
N: number of vanishing moments

. E[ij ij ]
= [ [ W) (t) ¥jm(s) E[B(M(t)) B(M(s))] dt ds
=[] Wy (t) Wjm(s) ELIM(t) - M(s)|"] dt ds

~ O( [k-m|TH) +1=2Ny (|k-m|> )
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Multifractal Estimation for B(M(t))

e Weak Correlations of Wavelet-Coefficients:
(with P. Goncalves)

Haar Daubechies?
1t ! ' ' ' | ! 1 1 ' ' | ' '
08t | 1 0.8 I
06 H . DB [
04 g /|
[ I 0.2} N
02 s etesntesagaueg o pilbe i ands o b g o
0 -vw"--a/\—"fv‘ e WVHJ |—— e e e e e i gt 0 g o J.Ij ll,'
05 —04 -0 02 01 0 01 02 03 04 05 o ; : :

-05 -04 -03 -02 -01 0 0.1 0.2 0.3 0.4 0.5

e Improved estimator due to weak correlatlons
e Multifractal Spectrum ‘ o
M(t+s) - M(t) ~ s3(t)
B(t+u) - B(t) ~ul (v 1)
9
B(M(t+s)) - B(M(t)) ~ sH*a(t)

Estimation
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From
Multiplicative Cascades
to
Infinitely Divisible Cascades

with
P. Chainais and P. Abry

Independent work:
Castaing, Schmidt,
Barral-Mandelbrot, Bacry-Muzy
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Adapting to the real world

Real world data
e can deviate from powerlaws: traffic
e has no preference for dyadic scales

Lukacs: if the data does not fit to the
model then too bad for the data.

Variance time plot, Long TCP, low utilization 18: Viariance “mg_’. piot, Long TGP, h_|gh utilization
18 : = —
! open-loop cross-traffic ; open-loop cross traffic
TCP cross-traffic TCP cross-traffic
16+
16+
14
@ )
é 12 é 14
= 3
3 S12
= o
8.
10
6.

'S
(s3]

0 5 10 15 : : :
Scale (dyadic) 0 5 10 15
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Experimental results

Courtesy P. Chainais

It Conf 85%
T

i |-+ fotal
B_ ....... 1,.... .............. .............. ----- JE.., W -l»ond
. : : . | -a- filaments

WY — A S - | —— total o
: : : . | —=— fond turbulent or
. | —=— filaments

i i i i ] 1 1 L L L L
T ] 1 ] 2 4 E g 7 4] 2 4 B ] 8 10 12 14

H(q) n(a): non-powerlaw
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Beyond Self-similarity

o Self-similarity revisited:
- B(at) =9 C(a) B(t) B: process, C: scale function
- B(abt) =9 C(a)C(b) B(t)
- C(a)C(b)=C(ab) - C(a) = a"

- E[| B(a") 19] = c(qg) (a9™)"
- linear in g (mono-fractal)
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Beyond Self-similarity

e More flexible rescaling "Ansatz”:
- C=C(a,t) ? : non-stationary increments
— C=independent r.v. for every re-scaling :
- X(a...at)= X(a"t) = C,(a)...C.(a) X(t): multiplicative
- E[| X(@") 9] = c(q) E[| C(a) [9]"
- non-linear in q; powerlaw

Rudolf Riedi Rice University stat.rice.edu/~riedi



Infinitely divisible scaling

L] . . i 1 NU
Self-similarity: IE||B(ft+0) — B(t)|?] =~ o7
Multifractal scaling: E[M(t+6) — M#)|9] ~ §117(@)
I1INC _crilnas =1l (+ i SN Y (+\ 14 PURI-VI=Y P 8 A Vall SN
1D C SCaing. = AT T 0)— A7) = CXPn (o) \q/]

e Multifractal scaling reduces to self-similarity if T is
linear in q. (sometimes called mono-fractal)

e IDC reduces to multifractal scaling if n(6)=-log(s)
e In general n(d) gives the speed of the cascade
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Geometry of Binomial Pulses

e Time-Scale plane: codes Scale |
shape of pulses 5
- Position (T=center) ' ,f‘:
- Size (R=length) J%)f, !
(D
Pulses: A )
Pi(t) = W; if Jt-t;] <ry/2 R < e 2 Position -
1 else B "
T Time
.-"."'“
| <
. . For Binomial:
o e o e Strict dyadic
B SR F TR 3 S geometry
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Stationary geometry

Randomize Positions

and Sizes °
.-'f/ z.‘\\\\
g KKEI/I/H\?\.&/;! .‘\\\ \.\\
/(/f/.\/\ ///AH\\\\\ // \\ \\\\\\
& ., i h—
Large Scale Pulses Medium Scale Pulses
. 2 1 ®
E .\\ : '
| : L
: ' . T
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Compound Poisson Cascade

Poisson points (t; , r; ) in time-scale plane with marks W;

Cone of influence at t ] — C(r,t)

N\
C(Tjt) {(, .'\Zt— <t < t.r; >1r} \
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e Poisson Cascades exhibit scaling properties akin to IDC scaling

= = E[#{(t;,r) € C(

L7 - o7

EQr(t)? = exp [—p(q)m(C(r, *))]
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Cascade and AR processes

Continuous version (IDC): |

Q(1)

M(C(t)|

exp M(C(t))
exp / ke (t, s)dM(s)

- M is an infinitely divisible measure

Classic theory to be exploited:
— AR-type processes

oy
Bi(t) = |
HAY =

Tw w

H(s,t)dW (s)

M

- kernel estimate of the random measure dM

Rudolf Riedi Rice University stat.rice.edu/~riedi



Cascades: Invariance and scaling

Infinitely divisible nature
and scaling of the cascade:

N 1\ —_— 1 A7, — T vx/ T vx/
\od’r‘\b_} e ‘l_l VVZ —ll Vv, X ll VvV,
C(r,t) Ch Cb
N\ VAR YT vrr
= Qp(t) x 11 W;
ON\N"/ 11 (7
b _
U/ra ‘?,_:
N\ /s A=t
0

Rescaled version of Q.
in the scale-invariant case only!

Poisson Cascade has re-scaling properties;
in scale invariant case: akin to Product of Processes
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Multifractal scaling

e Multifractal formalism holds in self-
similar case [Barral-Mandelbrot]

e Infinitely Divisible Scaling Recall
EQ(t)! = exp [~ p(q)m(C(r, +))
A()7 ~ t7exp [—o(q)m(C(t, %))]
AL Pl—=P\g)mM\LLL, *) )]

— powerlaw only if m(C(t,*)) = -log(t)
— for IDC in self-similar case [Bacry-Muzy,Barral]

— for CPC and log-normal IDC in certain non-
powerlaw cases [Chainais-R-Abry]
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Simulations

e Stationary Cascade:

Q (1)
=

1111111111

a
11111111111111

t
-~ estimate
| ---- theory
e Non-powerlaw scaling = -
\
‘_8’9
, | Iog";’c
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“"Never happy”: More flexibility

e Better control of scaling

e Wider range of known non-powerlaw scaling

e Higher dimensions: anisotropy
— “As expected” in generic cases [Falconer, Olsen]

- Formalism may break if directional preferences
[McMullen, Bedford, Kingman, R]
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Overall Lessons

e Multifractal spectrum <-> reqgularity
— Besov spaces
— Global Hoelder regularity

e Powerful modeling via multiplication through scales
— Poisson product of Pulses
— Multifractal warping
— Degeneracy: price to pay for stationarity

e Estimation via wavelets

— Multifractal envelopes
e numerical t(q),
e Analytical T(q)

— Choice of wavelet, of order g

— Interpretation: what kind of spectrum did you estimate
e Hoelder exponent
e Wavelet decay
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To take away

e Cascades matured to
versatile multifractal models

e There remains much to do.
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Reading on this talk

e www,stat.rice.edu/~riedi

e This talk

e Intro for the “untouched mind”
— Explicit computations on Binomial

e Monograph on “Multifractal processes”
— Multifractal formalism (proofs)
— Multifractal subordination (warping)

e Papers, links
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